Abstract-Tilted-coil antennas (TCAs) have been proposed to increase the directional sensitivity and anisotropy sensitivity of well-logging tools used in oilfield exploration. In this paper, we simulate TCAs in 3-D cylindrically layered and anisotropic earth formations with multiple horizontal beds using an extended numerical mode-matching (NMM) approach. The field components are expanded in terms of longitudinal (vertical) eigenmodes to facilitate the analysis of transverse electric and transverse magnetic fields, which are coupled in this case. The perfectly matched layer is incorporated into the NMM formulation to mimic the Sommerfeld radiation condition in the longitudinal (vertical) direction. NMM results are compared with 3-D simulation results using finite-difference time-domain method and a pseudoanalytical approach based on Sommerfeld integrals (for problems where the latter is applicable), showing very good agreement.
I. INTRODUCTION

C
ONVENTIONAL well-logging tools that are used for oil exploration employ horizontal-coil antennas and are designed for operation concentric to the borehole axis. In horizontally layered invaded formations, these tools excite only TE modes and hence are sensitive only to the horizontal component (i.e., perpendicular to the tool axis) of the surrounding earth formation conductivity. This leads to challenges in the formation evaluation in anisotropic earth during vertical drilling [1] - [5] or in (anisotropic) dipping bed formations [6] , [7] that may occur as a result of deviated drilling.
Logging tools with tilted-coil antenna (TCA) arrays have been considered [8] - [14] to provide both directional and anisotropy sensitivity in those scenarios. To model TCAs in the presence of a mandrel, borehole, and a multilayered cylindrical formation including invasions and horizontal beds, it is convenient to use a numerical mode-matching (NMM) approach [15] . In NMM, the problem is solved using a numerical approach in one direction and analytical approach in another direction. This leads to a computationally less intensive method than brute-force numerical methods such as the finiteelement method [16] - [22] and the finite-difference timedomain (FDTD) method [23] - [26] . Traditionally, NMM is formulated by expanding horizontal (radial) eigenmodes in terms of local basis functions [15] , [27] - [29] . These eigenmodes are then matched in the vertical direction. In contrast, [30] - [32] use sinusoidal basis function to represent vertical eigenmodes, which are then matched in the radial direction. An extension of NMM for 3-D formations has been recently considered in [29] based on a 2-D eigenmode expansion and matching in the vertical direction. Furthermore, the use of perfectly matched layers (PML) to truncate the domain in connection with NMM modeling of induction tools using radial eigenmodes was recently considered in [33] .
In this paper, we describe a new NMM algorithm to model well-logging tools with TCAs in 3-D cylindrically layered (uniaxial) anisotropic formations with multiple horizontal beds, as illustrated in Fig. 1 . Unlike previous NMM modeling of conventional logging tools (with horizontal-coil antennas) that 0196-2892/$25.00 © 2007 IEEE involves only TE z modes, the new NMM formulation fully incorporates the cross coupling of TM z and TE z modes. To facilitate the modeling of the tilted loop antenna sources, the present NMM algorithm utilizes vertical (longitudinal) eigenmodes that are expanded in terms of local basis functions (B-splines). Furthermore, it integrates a PML in the vertical direction to mimic the Sommerfeld radiation condition and allow for more accurate solutions in low conductivity formations. In what follows, we use the e −iωt convention throughout.
II. FORMULATION
Since the TCA source is a function of the z-(vertical) coordinate, a vertical (parallel to the tool axis) numerical eigenmode expansion is chosen. The earth formations considered here can be anisotropic (uniaxial), with permittivity and permeability tensors, which also incorporate the cylindrical PML [34] , [35] that is given as
where
The variable s z is the PML complex stretching along the z-direction [35] , [36] . The superscript s indicates media tensors that incorporate the PML complex stretching variable (along z-direction only, there is no need for complex stretching along the radial direction because the Sommerfeld radiation condition is automatically satisfied by the radial basis functions employed). We assume the formation to be piecewise constant in z-direction. The vector wave equation governing the electric field can be written as
The TCA current density is given by
, where θ T and φ T are the axial and azimuthal tilt angles of the TCA source, ρ T is the radius of the projection of the coil onto the transversal plane, and z T is the vertical location of the center of the coil [13] , [14] . Note that ∇ · J = 0 [13] and even though the magnitude of the current density J above varies with φ, the flux of J over any (infinitesimal) cross section of the coil antenna (and hence the total current flowing along it) is constant and equal to I T . Equation (2) can be rewritten as
where the new added terms to the left-hand side (LHS) and right-hand side are equal to each other and included to simplify the extraction of the z-component of the LHS. In the case of the TCA sources considered here, = 0 since ∇ · J = 0. Equation (3) represents the TM case. The TE case can be obtained by duality. Note that, in the problem considered here, TM and TE modes are coupled. We transform the aforementioned equations using the following Fourier-Bessel transforms [37] :
where J ν is a Bessel function (or a Hankel function of the first kind) of order ν. For notational simplicity, we use the same symbol to represent both functions such as f ν (ρ, z) and its transform f ν (k ρ , z), and use the arguments to distinguish them when necessary. We next extract the z-component of the electric field of (3) in a source-free region, which leads to
For simplicity, both the subscript ν and the dependence on k ρ of the spectral components of the fields are omitted in what follows. Expanding the electric flux density in an appropriate set of basis functions Λ n (z), i.e.,
and inserting into (6), we arrive at the following generalized eigenfunction problem:
By projecting the above into the space spanned by Λ n (z) with an inner product f, g defined as
dz and truncating the sum at N terms, the aforementioned equation reduces to a linear system of the following form [15] :
whereL andp are N × N matrices with elements
for m, n = 1, . . . N. In the aforementioned equations, the subscript stands for TM modes and the superscript " " above denotes derivative with respect to the argument. We use double overhead bar to represent matrices and single overhead bar to represent column vectors. A subscript index q is used to specify the q = 1, . . . , N eigenvalues k ρq and the corresponding eigenvectorsā q of the system matrix in (9 
We express the electric flux density using the eigenmodes found in (9) as
with
where b q (ρ) is the propagation factor associated with the qth eigenmode ψ q (z). By substituting the aforementioned equations into (12) , testing the resulting equation with ψ p (z) 
Since the eigenmodes are orthonormal, we have
As a result, (15) can be written as a Bessel equation, i.e.,
A similar expansion can be derived for TE modes leading to
where the subscript µ refers to TM modes and
To determine the mode propagators b q and b µq , we need to satisfy the source condition at ρ = ρ T . The formal solution is written in terms of Bessel and Hankel functions of first kind and order ν. In a homogeneous medium (along the radial direction), we have
with c ± being the source related amplitude coefficients as discussed in [13] and [14] and given by
where now C − stands for a Bessel function of order ν and C + for a Hankel function of first kind and order ν. The field components d z and b z can be written as
, ρ ≥ ρ T (25) or, using the compact matrix notation introduced in [15] , as
whereΛ
In the aforementioned equations,Λ(z) is an N × 1 column vector with elements Λ n (z), n = 1, . . . , N. Moreover,ā is an 
To incorporate extra cylindrical layers, we need to enforce the boundary conditions across the interfaces, viz., continuity of tangential field components. From Maxwell equations, the azimuthal components are related to the longitudinal components by
Hence, the azimuthal componentsĀ φ = [e φ h φ ] t can be expressed in matrix form as
andK is a diagonal matrix containing the square root of the eigenvalues.
III. MULTIPLE CYLINDRICAL LAYERS
We can express the field in the source layer as
The subscript "0" above indicates source layer quantities. The N × N matricesJ n (ρ) andH n (ρ) are diagonal matrices with elements given by J n (k ρ q ρ) and H (1) n (k ρ q ρ), respectively, for TM modes, and by J n (k ρµq ρ) and H (1) n (k ρµq ρ), respectively, for TE modes, q = 1, . . . N. Note that, in contrast to (38) , the factorā 0 is not explicit in (40) because it is incorporated intoȲ ± 0 (ρ), cf. (35) . The matricesR + 0,−1 andR − 0,1 are generalized reflection coefficients from the inner and outer layers, which can be computed using the following recursive formulas [15] , [39] : (43) where the local reflection coefficientsR (47) withΨ n,n+1 =ā t n ·p n+1 ·ā n+1 . The superscripts "+/−" above refer to outgoing/incoming waves, respectively, as illustrated in Fig. 2 .
The amplitude coefficient in the source layer in (38) is solved by enforcing the source condition at ρ = ρ T as
The amplitude coefficients of other layers are derived from d ± 0 using a recursive algorithm [39] .
IV. TRANSIMPEDANCE
Once the fields in the receiver layer (denoted by subscript r) are known, the induced voltage on the receiver due to a unit current source at the transmitter (transimpedance) can be determined by
The angles θ R and φ R are the axial and azimuthal tilt angles of the receiver TCA, respectively, ρ R is the radius of the projection of the receiver coil onto the transversal plane, and z R is the longitudinal location of the center of the receiver coil.
Using (38) and (40), we arrive at
where the double-dot product ":" above is defined as a dot product on the first half of the right column vector (to extract the electric field contribution only).
V. NUMERICAL IMPLEMENTATION ISSUES
Considering an FDTD solution, the memory and CPU time required for the log in a stratified earth formation is directly proportional to the number of grid points, and the CPU time is also proportional to the number of data points required by the log. On the other hand, the memory and CPU time required by NMM depends on the number of elements (modes) required to discretize the domain. Furthermore, it also depends on the number of azimuthal modes used. In axisymmetric formations, the latter depends on the tilt angle of the transmitter. For example, with a 45
• tilt angle, about five azimuthal modes suffice. For most of the stratified problems here, an entire log by the NMM typically required about 1/4 of the CPU time of an FDTD simulation. Of course, the FDTD is more flexible than NMM to deal with completely arbitrary earth formations.
The accuracy of the proposed NMM approach depends on the number of modes utilized. Unlike the NMM approach in [28] and [40] , the number of transversal eigenmodes required to handle the problem is typically not larger than 45, but for problems requiring about these many modes, the ratio of the maximum and minimum eigenvalues can reach 10 6 -10 7 , leading to ill-conditioning. For the local reflection/transmission coefficients in (44)- (47), we factor out the diagonal matrices J andH (which can be inverted easily) from the inverse matrices. This leads to a better-conditioned formulation. In addition, (42), (43) , and (48) are recast as Fig. 3 . Cross section of the cylindrically layered formation that is used to study the conditioning of the generalized reflection matrix for the NMM. 
In the aforementioned equations, the matrices to be inverted that are inside the brackets are better conditioned. To illustrate the improvement, we consider an extreme case with 250 modes in a 2.5-m computational window along z. The formation considered has four cylindrical layers (plus the inner mandrel region), as illustrated in Fig. 3 . Table I shows the reciprocal of the condition number of the matrices that are within the brackets in (43) and (55), respectively. These results show that the condition number can be greatly reduced. 
VI. SIMULATION RESULTS
A. NMM Simulation Setup
For the NMM simulations, we use the following general guidelines, unless indicated otherwise. The frequency of operation is 2 MHz. Nonuniform B-spline functions (with unequally spaced knots) are used for Λ n (z) [41] . The distance between grid nodes is equal to 0.984 in, except near horizontal interfaces where it is reduced to 0.197 in (gradual refinement) in about ten cells. At the top and bottom ends of the domain, we use 20 elements with enlarged cell size equal to 9.84 in for the PML layer. The real and imaginary parts of the PML complex stretching variable vary from 1.0 to 5.0 and from 0.0 to 0.0009, respectively, following a fourth-order polynomial profile [34] .
B. Validation in Homogeneous Formation With Invasion Zone
We validate NMM results against the pseudoanalytical formulation described in [14] . Four different formation profiles along ρ, with no variation along z (so that the formulation in [14] is applicable), are considered. The conductivities are given in mho per meter. Profile A has σ 0 = 0.0005 for ρ < 5 in and σ 1 = 0.05 for ρ > 5 in. Profile B has σ 0 = 0.0005 for ρ < 5, σ 1 = 0.1 for 5 < ρ < 7 in, and σ 2 = 0.5 for ρ > 7 in. Profile C has σ 0 = 2.0 for ρ < 5 in, σ 1 = 1.5 for 5 < ρ < 7 in, and σ 2 = 1.0 for ρ > 7 in. Finally, profile D has σ 0 = 2.0 for ρ < 5 in, σ 1 = 1.0 for 5 < ρ < 7 in, σ 2 = 0.5 for 7 < ρ < 10 in, and σ 3 = 0.1 for ρ > 10 in. The overall size of the NMM domain along z is 196.85 in, with the transmitter TCA placed near the center. Both transmitter and receiver TCAs are tilted 45
• in the same direction. The coil antennas have a projected radius along the ρ-direction that is equal to 4.5 in and are mounted on a mandrel with a diameter of 8 in. Table II illustrates 
C. Validation Against FDTD Reference Results
For formations including multiple cylindrical layers and horizontal beds as in Fig. 1 , we use 3-D FDTD results as a reference to validate NMM results. In the FDTD simulations, we employ a cylindrical grid with nonuniform grid cell size along z. In the vicinity of the antennas, ∆z = 0.125 in. Away from the antennas, ∆z is gradually increased with an enlargement rate of 1.05 between adjacent cells to reduce the computational cost. Further details on FDTD modeling of logging tools using cylindrical grids can be found in [25] and [34] . 
D. Two-Layer Anisotropic Formation
We compare FDTD and NMM results in a two-layer anisotropic formation. 
E. Comparison of TCA and Horizontal-Coil Tool Results
We illustrate the response of conventional (horizontal-coil) and TCA tools in the complex formation depicted in Fig. 6 . This formation includes an invasion zone and has both isotropic Fig. 6 . The conventional tool is not sensitive to the vertical component of the formation conductivity and has a much flatter response than the TCA tool. Fig. 8 . Apparent resistivities using phase difference and amplitude ratio in an anisotropic dipping formation, for various dipping angles. In this case, σ h = 0.1 mho/m. and anisotropic beds. The conventional tool has two horizontalcoil receivers at 30 in (first) and 24 in (second) away from the horizontal-coil transmitter. The coils have 4.5-in radius and are mounted on 4-in radius mandrel. The TCA tool considered has a similar geometry as before, except that the transmitter coil and one receiver coil are tilted by 45
• , while the remaining receiver coil is kept horizontal. The phase difference and amplitude ratio are given in Fig. 7 . In this figure, ref denotes the conventional tool. It can be seen that the conventional tool has a considerably flatter response, since it excites only TE modes and is not sensitive to σ v values. The TCA tool, on the other hand, shows more sensitivity to the true formation conductivities. We should note that, in the present model, the tilted-coil circumference increases with the secant of the tilt angle. This factor per se increases the voltage amplitude and impacts the amplitude ratio estimates shown here. In practice, this can be calibrated by normalizing the voltage amplitude by the coil circumference length. Note also that this particular one-transmitter two-receiver TCA tool configuration is merely illustrative and not necessarily optimal for well-log inversion and interpretation.
F. Tool Response in Dipping Beds Using Tilted Dipole Excitations
The ability to model tool response in dipping beds is important during deviated drilling. Here, we illustrate the use of NMM formulation to model well-logging tools in dipping layers using a dipole approximation [5] , [42] . In this model, the transmitter coil antenna is replaced by a tilted magnetic dipole in the direction normal to the coil plane. In this approximation, mandrel, borehole, and finite size coil effects are neglected. This approximation works well when the wavelength of operation is much larger than the coil diameter in a uniform background. The dipole response also deviates from the coil response when high-contrast bed boundaries and, as a sequence, strong electrical charge occur in the vicinity of the sensor. This can occur, for example, for eccentric tools in borehole filled with low resistivity mud in a low conductivity formation.
Directional logging can be approximately modeled by aligning the transmitter magnetic dipole and the two receiver dipoles along a straight line forming an angle θ with the longitudinal axis. The magnetic field produced at 24 and 30 in away from the source is calculated by the NMM using this tilted magnetic dipole excitation.
We calculate tilted dipole NMM results for the apparent resistivity in a homogeneous dipping anisotropic formation, for various dipping angles. This problem has been considered in [5] , where it was solved using a pseudoanalytical approach based on Sommerfeld integrals. To compute the apparent resistivity, the phase difference φ 0 and amplitude ratio A 0 in isotropic formations having different conductivities are gener- and A 0 = 20 log 10 |V 0 |, where V 0 is the voltage ratio measured at the two receivers in a homogeneous isotropic medium with conductivity σ h and adjusted for air-hang correction [5] . The apparent phase (R aph ) and amplitude (R aam ) resistivities are obtained using interpolation, i.e., R aph = 1/Π(φ 0 , σ h , φ) and R aam = 1/Π (A 0 , σ h , A) , where y i = Π(x, y, x i ) is a function that computes an interpolated ordinate y i , given an index value x i and lookup table [x, y] . Figs. 8 and 9 depict the apparent resistivities of the anisotropic homogeneous formation for various dipping angles, and for σ h = 0.1 mho/m and σ h = 0.5 mho/m. The apparent resistivities are plotted against the anisotropic ratio given by κ = σ h /σ v . These NMM results show very good agreement against the pseudoanalytical results presented in [5] . It should be noted that tool response interpretation in inhomogeneous or anisotropic formations using apparent resistivities has to be done with care. In the lowfrequency range, apparent resistivity is introduced by using in-phase voltage component for oriented dipoles. However, its use is limited in complex formations where the presence of surface or volumetric electrical charges may occur. Similar issues are present in the high-frequency range with introduction of apparent resistivity using relative phase or amplitude measurements.
We next show NMM results in an inhomogeneous (threelayer) dipping anisotropic formation. The formation has horizontal conductivities σ h = 1.0, 0.01, and 1.0 mho/m and vertical conductivities σ v = 1.0, 0.1, and 1.0 mho/m for the upper, middle, and lower beds, respectively. Fig. 10 shows the NMM results when the orientation of the magnetic source and receiver dipoles are all aligned with the log axis, which approximates the horizontal-coil response crossing a dipping anisotropic bed. The dip angles considered are 0
• , 15
• , and 60
• . Fig. 11 shows the NMM results in the same formation but with the magnetic dipole source and the second dipole receiver with an elevation angle of 45
• (with φ = 0) with respect to the log axis. This approximates the response of the TCA tool discussed in Section VI-E. As illustrated in Fig. 11 , the response from the TCA tool is significantly different than the conventional tool, again illustrating how extra information can be extracted by rotating the antennas.
G. Convergence in High-Contrast Formations
We consider next the convergence of the present NMM formulation in a formation with high resistivity contrast between adjacent horizontal beds. In this case, a three-layer formation is employed, with (isotropic) upper, middle, and bottom layer conductivities equal to 2, 0.0005, and 4 S/m, respectively (4000 and 8000 contrasts). A horizontal-coil tool is used (with the same geometry as above) to isolate the impact of the number of vertical modes in the convergence (as mentioned above, the number of azimuthal modes required depends mostly on the tilt angle). The tool response calculated by the NMM is compared against cylindrical 3-D FDTD [25] results in Fig. 12 , showing excellent agreement. The relative root-mean-square error (for 19 log points) on the phase difference and amplitude error versus the number of vertical modes is shown in Fig. 13 . The results converge with less than about 180 modes in this high-contrast formation. Note that the error shown in Fig. 13 reaches a plateau because it is a relative error. The error in the reference cylindrical 3-D FDTD results is of a different nature and stems mainly from 1) numerical (grid) dispersion [43] , [44] , which is a cumulative and angle-dependent effect [45] , [46] , and 2) small spurious reflections from the (cylindrical) PML boundaries [47] , [48] .
VII. CONCLUSION
We have introduced a new NMM formulation that fully incorporates cross coupling between TE and TM modes for the simulation of TCA well-logging tools in anisotropic formations. The formulation is based on vertical eigenmodes, which are obtained via a generalized eigenfunction problem. The vertical modes are then propagated in the transverse (radial) direction using mode propagators. This NMM approach is more efficient compared with conventional NMM because reflection and transmission of multiple cylindrical-vertical layers need to be computed only once for different tool configurations. The present NMM formulation has been validated against both pseudoanalytical results and FDTD results, showing very good agreement. We have compared the response of conventional and TCA tools in anisotropic formations. We have also computed tool response in dipping anisotropic beds by incorporating tilted magnetic dipole excitations in the formulation.
